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Abstract 

We study two types of two player, perfect information games with no chance moves, played 
on the edge set of the binomial random graph Q{n,p). In each round of the (1 : q) Waiter-Client 
Hamiltonicity game, the first player, called Waiter, offers the second player, called Client, q + \ 
edges of Q{n,p) which have not been offered previously. Client then chooses one of these edges, 
which he claims, and the remaining q edges go back to Waiter. Waiter wins this game if by the 
time every edge of Q(n,p) has been claimed by some player, the graph consisting of Client’s edges 
is Hamiltonian; otherwise Client is the winner. Client-Waiter games are defined analogously, the 
main difference being that Client wins the game if his graph is Hamiltonian and Waiter wins 
otherwise. In this paper we determine a sharp threshold for both games. Namely, for every fixed 
positive integer g, we prove that the smallest edge probability p for which a.a.s. Waiter has a 
winning strategy for the (I : q) Waiter-Client Hamiltonicity game is (1 -|- o(l))logn/n, and the 
smallest p for which a.a.s. Client has a winning strategy for the (I : q) Client-Waiter Hamiltonicity 
game is (g -I- I -|- o(l)) log n/n. 


1 Introduction 

The theory of positional games on graphs and hypergraphs goes back to the seminal papers of Hales 
and Jewett [20], Lehman |35|, and Erdos and Selfridge [T5]. It has since become a highly developed 
area of combinatorics (see, e.g., the monograph of Beck |3] and the recent monograph [2l])- The 
most popnlar and widely studied positional games are the so-called Maker-Breaker games. Let q be 
a positive integer, let X be a finite set and let T be a family of subsets of X. The set X is the 
board of the game and the elements of X are the winning sets. In each round of the biased (!:</) 
Maker-Breaker game (X, X ), Maker claims one previously unclaimed element of X and then Breaker 
responds by claiming q previously unclaimed elements of X. Maker wins this game if, by the time 
every element of X has been claimed, he has claimed all elements of some set A € X; otherwise 
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Breaker is the winner. Since this is a finite, perfect information game with no chance moves and no 
possibility of a draw, one of the two players must have a winning strategy. 

The so-called Avoider-Enforcer games form another class of well-studied positional games. In these 
games. Enforcer aims to force Avoider to claim all elements of some set A ^ T. Avoider-Enforcer 
games are sometimes referred to as misere Maker-Breaker games. There are two different sets of 
rules for Avoider-Enforcer games: strict rules under which the number of board elements a player 
claims per round is precisely his bias and monotone rules under which the number of board elements 
a player claims per round is at least as large as his bias (for more information on Avoider-Enforcer 
games see, for example, 1251 [231 IS]). 

In this paper, we study Waiter-Client and Client-Waiter positional games. In every round of the 
biased (1 : q) Waiter-Client game {X,iF), the first player, called Waiter, offers the second player, 
called Client, q 1 previously unclaimed elements of X. Client then chooses one of these elements 
which he claims, and the remaining q elements are claimed by Waiter (if, in the final round of the 
game, strictly less than q-\-l unclaimed elements remain, then all of them are claimed by Waiter). 
The game ends as soon as all elements of X have been claimed. Waiter wins this game if he manages 
to force Client to claim all elements of some A G J-”; otherwise Client is the winner. Client-Waiter 
games are defined analogously. The only two differences are that Client wins this game if and only if 
he manages to claim all elements of some A G J-” (otherwise Waiter is the winner), and that Waiter is 
allowed to offer strictly less than q-\-\ (but at least 1) board elements per round (this is a technical 
issue which is needed in order to overcome a certain lack of monotonicity; more details can be found 
in ID)- Waiter-Client and Client-Waiter games were first defined and studied by Beck under the 
names Picker-Chooser and Chooser-Picker, respectively (see, e.g., 12 ]). 

The interest in Waiter-Client and Client-Waiter games is three-fold. Firstly, they are interesting in 
their own right. For example, a Waiter-Client (respectively, Client-Waiter) game in which Waiter 
plays randomly is the well-known avoiding (respectively, embracing) Achlioptas process (without 
replacement). Many randomly played Waiter-Client and Client-Waiter games have been considered 
in the literature, often under different names (see, e.g., [8l|3ll[32l[33l|36|). Secondly, they exhibit a 
strong probabilistic intuition (see, e.g., m [31 da El El iizj). That is, the outcome of many natural 
Waiter-Client and Client-Waiter games is often roughly the same as it would be had both players 
played randomly (although, typically, a random strategy for any single player is very far from opti¬ 
mal). Lastly, it turns out that, in some cases, these games are useful in the analysis of Maker-Breaker 
games (examples and other related issues can be found, e.g., in [2l fT^ HI [29]). 

Our focus in this paper is on Waiter-Client and Client-Waiter Hamiltonicity games played on the 
edge set of the binomial random graph Q{n,p). A Hamilton cycle of a graph G is a cycle which 
passes through every vertex of G exactly once. A graph is said to be Hamiltonian if it admits a 
Hamilton cycle. Hamiltonicity is one of the most central notions in graph theory, and has been 
intensively studied by numerous researchers for many years. Let H = H{n) denote the property of 
an n-vertex graph being Hamiltonian, that is, H = {G : V{G) = [n] and G is a Hamiltonian graph}. 
For every positive integer q, let W|^ denote the graph property of being Waiter’s win in the (1 : q) 
Waiter-Client Hamiltonicity game on E{G), that is, G G if and only if Waiter has a winning 
strategy for the (1 : q) Waiter-Client game {E{G),H). Similarly, let C|^ denote the graph property 
of being Client’s win in the (1 : q) Client-Waiter Hamiltonicity game on E{G), that is, G G C|^ if 
and only if Client has a winning strategy for the (1 : q) Client-Waiter game {E{G),H). Note that, 
if Waiter has a winning strategy for the (1 : q) Waiter-Client game {E{G),H) for some graph G, he 
may use this same strategy to also win the (1 : q) Waiter-Client game {E(G'),H) for any graph G' 
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that contains G as a subgraph and for which V(G') = V(G). Hence, graph property is monotone 
increasing. By similar reasoning, this is also true for 

We are interested in finding the minimum density that a graph typically needs to ensure that it 
satisfies the property (and similarly Formally, we would like to find sharp thresholds for 
and for C|^, whose existence is guaranteed due to the monotonicity of these properties (see 
dlE!). That is, for every fixed positive integer q, we would like to find functions pw,q = Pw,q{n') 
and pc,q = pc,q{n) such that, for every e > 0, we have 

lim P[^(n, (1 - e)p-w q) G W!L] = 0 and lim F[Q{n, (1 + e)py\; „) G Wl,] = 1, 


and similarly. 


lim P[^(n, (1 — e)pc q) G Cl,] = 0 and lim P[^(n, (1 + e)pc q) G Cl,] = 1. 

n—)-oo ^ n—)-oo ^ 


A classical result in the theory of random graphs, due to Komlos and Szemeredi [3U] and indepen¬ 
dently Bollobas [To], asserts that logn/n is a sharp threshold for the appearance of a Hamilton cycle 
in Q{n,p). Our first result shows that the same function is also a sharp threshold for the property 
for every fixed positive integer q. 

Theorem 1.1. Let q be a positive integer. Then logn/n is a sharp threshold for the property W|^. 

Our second result shows that, in contrast to our first result, the sharp threshold for the property 
C|^ grows with q, and even for q = 1, is already larger than the threshold for the Hamiltonicity of 
Q{n,p). 

Theorem 1.2. Let q be a positive integer. Then {q + 1) logn/n is a sharp threshold for the property 

Cli- 

A trivial necessary condition for Hamiltonicity is minimum degree at least 2. The latter is not 
achieved if p ^ (1 — o(l)) logn/n. On the other hand, for p ^ [1 + o(l)) logn/n, it is not hard to 
show that a.a.s. (i.e., with probability tending to 1 as n tends to inhnity) Waiter can force Client 
to build a graph with large minimum degree. This partly explains the location of the threshold in 
Theorem 0 In Theorem 11.21 we need to consider the degree sequence of Q{n,p) more carefully. In 
order to win the Client-Waiter Hamiltonicity game, it is enough for Waiter to hnd many vertices 
of small degree and then isolate one of them in Client’s graph. On the other hand, if all degrees 

/ \dG{v) 

are sufficiently large (enough for the sum Yliv&v(G) ( small, where G ~ Q{n,p)), 

then Client can build a graph with large minimum degree. Balancing these two properties of the 
degree sequence will determine the location of the threshold in Theorem 11.21 


Theorems o and 11.21 determine sharp thresholds for (1 : q) Waiter-Client and Client-Waiter Hamil¬ 
tonicity games for every fixed positive integer q. Somewhat surprisingly, the best known analogous 
results for (1 : g) Maker-Breaker and Avoider-Enforcer Hamiltonicity games on Q(n,p), where q ^ 2is 
a fixed integer, are not as accurate. It was conjectured in [38] that, for every 1 ^ g ^ (1—o(l))n/ log n, 
the smallest edge probability p for which a.a.s. Maker has a winning strategy in the (1 : g) Maker- 
Breaker Hamiltonicity game is 0(glogn/n). This was proved in [16], where an analogous statement 
for Avoider-Enforcer games was proved as well. An even stronger result was proved in m under the 
additional assumption that q = u;(l). In this case, the graph property of being Maker’s win in the 
(1 : g) Maker-Breaker Hamiltonicity game has a sharp threshold at glogn/n. Very accurate results 
are known for the (1 : 1) Maker-Breaker Hamiltonicity game on a random graph (see [221 IT]). 
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2 Preliminaries 


For the sake of simplicity and clarity of presentation, we do not make a particular effort to optimize 
the constants obtained in some of our proofs. We also omit floor and ceiling signs whenever these 
are not crucial. Most of our results are asymptotic in nature and whenever necessary we assume 
that the number of vertices n is sufficiently large. Throughout this paper, log stands for the natural 
logarithm, unless explicitly stated otherwise. Our graph-theoretic notation is standard and follows 
that of [39]. In particular, we use the following. 

For a graph G, let V{G) and E{G) denote its sets of vertices and edges respectively, and let v{G) = 
|F(G')| and e{G) = \E{G)\. For a set A C V{G), let Ec{A) denote the set of edges of G with both 
endpoints in A and let edA) = |FiG'(74)|. For disjoint sets A,B Q F(G), let Eg{A,B) denote the 
set of edges of G with one endpoint in A and one endpoint in B, and let eQ{A,B) = \Eq{A,B)\. 
For a set S' C V{G), let G[S] denote the subgraph of G induced on the set S. For a set 5 C V{G), 
let Ng{S) = {v € V{G) \ S' : € 5 such that uv € E{G)} denote the outer neighbourhood of S in 

G. For a vertex u £ V{G) we abbreviate iVcdn}) under Ng{u) and let dciu) = |A^g(^^)| denote the 
degree of u in G. The maximum degree of a graph G is A(G) = max{dG{u) : u £ V{G)} and the 
minimum degree of a graph G is 5{G) = min{dG'(u) : u £ V{G)}. Often, when there is no risk of 
confusion, we omit the subscript G from the notation above. 

For any family E of subsets of some set A, we define the transversal of E to be the set E* = {A C 
X : T n B / 0 for every B £ E}. 

Assume that some Waiter-Client or Client-Waiter game, played on the edge-set of some graph H = 
iy, E), is in progress. At any given moment during this game, let E]y denote the set of all edges that 
were claimed by Waiter up to that moment, let Eq denote the set of all edges that were claimed by 
Client up to that moment, let Gw = {V,Ew) and let Gc = {V,Ec)- Moreover, let Gp = {V,Ep), 
where Ep = E \ {Ew U Ec); the edges of Ep are called free. 

Throughout the paper we will use the following well-known concentration inequalities (see, e.g., m)- 
Theorem 2.1 (Chernoff). If X Bin{n,p), then 

(i) P[A < (1 — a)np] < exp for every a > 0. 

(a) P[A > (1 -I- a)np] < exp for every 0 < a < 1. 

Theorem 2.2 (Chebyshev). If X is a random variable with E[A] < oo and Far[A] < oo, then for 
any k > 0 

F[\X-E[X]\^k] ^ 

The rest of this paper is organized as follows: In Section [3] we state and prove various results about 
Waiter-Client and Client-Waiter games, some of which have independent interest. In Section [4] we 
explore several properties of random graphs. In Section [5] we discuss the relation between expanders 
and Hamiltonicity. Using the results derived in the previous three sections, we prove Theorem 11.11 
in Section [6] and Theorem 11.21 in Section [71 Finally, in Section [8| we discuss possible directions for 
future research. 
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3 Game-Theoretic Tools 


In this section we state and prove various winning criteria for Waiter-Client and Client-Waiter games 
which we will use in our proofs of Theorems 11.11 and 11.21 We begin by stating a result of Bednarska- 
Bzd§ga [3] which provides a winning criteria for Waiter in biased Waiter-Client transversal games. 

Theorem 3.1 ((3])- Let q be a positive integer, let X be a finite set and let T be a family of subsets 
ofX. If 

< 1 / 2 , 

AeJ^ 

then Waiter has a winning strategy for the (1 ; q) Waiter-Client game {X,T*). 


Next, we state and prove a sufficient condition for Client to win biased Client-Waiter transversal 
games. 


Theorem 3.2. Let q be a positive integer, let X be a finite set and let X be a family of subsets of 
X. If 



then Client has a winning strategy for the (1 : q) Client-Waiter game {X,X*). 


Remark 3.3. It is not hard to adapt Beck’s winning criterion for Breaker in biased Maker-Breaker 
games (see w to prove that, ifYl,AeT‘^ then Client has a winning strategy for the (1 : q) 

Client-Waiter game {X, X*). However, note that Theorem \d.‘^ does not provide a weaker result since 
q/{q -|- 1) ^ for every q 1, with equality if and only if q = 1. 


Proof of Theorem \3.^ Client will play randomly, that is, in each round he will choose one of the 
elements Waiter offers him uniformly at random, independently of all previous choices. Since Client- 
Waiter games are finite, perfect information games with no chance moves and no draws, in order to 
prove that Client has a winning strategy, it suffices to show that, given any fixed strategy Sw of 
Waiter, 

P[Client loses {X,X*) \ Waiter follows <Siy] < 1- 


Fix some strategy Sw of Waiter and a set A G 7^*. Given that Waiter plays according to Sw, let r 
denote the total number of rounds played in the game and, for every 1 ^ i ^ r, let Zi denote the 
set of elements Waiter offers Client in the ith round, let Zi = jZij and let Oj = |T D Zi\. Note that 
r, Zi and Uj might depend on Client’s random choices. For every 1 ^ i ^ r, given Zi and a*, the 
probability that Client claims an element of A in the zth round is aijzi, independently of his previous 
choices. Hence, the probability that Client does not claim any element of A throughout the game is 


nb 


Oi 

Zi 




nb 


di 


q + l 


€ 


nb 


1 


<? + ! 


di 


i=l ^ 2=1 ^ 1 

where the second inequality holds by Bernoulli’s inequality. 

Taking a union bound over the elements of X, we conclude that 

P[Chent loses (X,X*) | Waiter follows Sw] ^ 

A&T 


7 + 1 


1^1 


7 + 1 


1+ 


< 1 
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as claimed. 


□ 


A simple step in Waiter’s strategy to force Client to build a Hamilton cycle, is to force him to quickly 
build a graph with large minimum degree. Our next result shows that this is indeed possible. 


Lemma 3.4. Let G be a graph on n vertices with minimum degree S{G) = 6 and let q and 7 ^ 
be positive integers. When playing a {1 : q) Waiter-Client game on E{G), Waiter has a 
strategy to force Client to build a spanning subgraph of G with minimum degree at least 7, by offering 
at most {q + 1)771 edges of G. 


Proof. Let ui,...,Un denote the vertices of G. We define a new graph G* , where G* = G if 
dciui) is even for every 1 ^ f ^ n, and otherwise G* is the graph obtained from G by adding 
a new vertex v* and connecting it to every vertex of odd degree in G. Since all degrees of G* 
are even, it admits an Eulerian orientation ^. For every 1 ^ ^ n, let E{ui) = {uiUj € E{G) : 

UiUj is directed from Ui to Uj in G*}. It is evident that \E{ui)\ ^ [d/2\ ^ (^+1)7 for every 1 ^ ^ n 

and that the sets E{ui), ..., E{un) are pairwise disjoint. 

For every 1 ^ 7 ^ n and every 1 ^ j ^ 7, in the {{i — 1)7 + j)th round of the game. Waiter offers 
Client q + 1 arbitrary free edges of E{ui). It is evident that, after offering at most {q + 1)7 edges of 
E{ui) for every 1 ^ z ^ n, the minimum degree of Client’s graph is at least 7. □ 


The rest of this section is devoted to a Client-Waiter version of the so-called Box Game. The Maker- 
Breaker version of this game was introduced by Chvatal and Erdos in their seminal paper m and 
was subsequently fully analyzed by Hamidoune and Las Vergnas in [21] . The version of the box game 
we are interested in, which we will refer to as the (1 : q) Client-Waiter box game, is defined as follows. 
Let F = {Ai ,..., An} be a family of pairwise disjoint sets such that t — 1 ^ |Ai| ^ ... ^ \An\ = t. 
We refer to such a family as being canonical of type t. The box game on F is simply the (1 : q) 
Client-Waiter game ifJi=iAi,F*). Note that Waiter wins the (1 : q) Client-Waiter box game on F 
if and only if he is able to claim all elements of some Ai. 

Suppose that at some point during the box game on F, Client claims an element of A* for some 
1 ^ 7 ^ n. Since Waiter can no longer claim all elements of Aj, neither player has any incentive to 
claim more elements of Aj. Therefore, we can pretend that Aj was removed from F. If on the other 
hand. Waiter claims an element a £ Aj, then we can pretend that instead of trying to fully claim Aj, 
his goal is now to fully claim A* \ {a}. Hence, we can view the family F, on which the game is played, 
as changing throughout the game as follows. Assume that Fi denotes the (multi) family representing 
the game immediately before the zth round; in particular Fi = F. Let Wi denote the set of elements 
Waiter offers Client in the zth round, let Cj € Wj denote the element claimed by Client and let j 
denote the unique integer for which Cj £ Aj. Then we define Jj+i = {A \ Wj : A £ J^j and A 7^ Aj}. 
Using this point of view, we see that Waiter wins the (1 : g) Client-Waiter box game on F if and 
only if 0 £ Tj for some positive integer i. 

Proposition 3.5. Let q and t be positive integers and let F be a canonical family of type t. If 
IT”! ^ 2{q -|- I)*+^/(7*, then Waiter has a winning strategy for the (1 : q) Client-Waiter box game on 

F. 

Remark 3.6. In light of Theorem \3.^ Provosition \3.5\ is not far from being best possible. 
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Proof of Proposition 13.51 Waiter plays so as to keep the families Ti canonical; this is achieved as 
follows. For every positive integer i, let = max{|A| : A G let Ci = {A G Pi : |^| = ti} and let 

ii = \Ci\. In the zth round, Waiter offers Client an arbitrary set Wi C ljyie£ ^ min{(7 + l,ii} 

such that \A n Wi\ ^ 1 for every A G Ci. We claim that this is a winning strategy for Waiter. 

For every 0 ^ j ^ t, let ij denote the smallest integer such that Pi^ is canonical of type j (to make 
this well-defined, we view the empty family as being canonical of every type). In particular, it = ^ 
and, in order to prove our claim, it suffices to show that \PiQ\ ^ 1. We will in fact prove a more 
general claim, namely, that 


holds for every 0 ^ j ^ t. This is indeed a more general result as, in particular, it follows from ([T]) 
that 


P- I > 

■>10 I ^ 



2{q+iy+^ 


{q+l) + 


{q + iy-^ 


(<? + !) 




> 1 , 


where the first inequality follows from our assumption that iJ-”! ^ 2{q + /q^. 

We prove m by reverse induction on j. The base case j = t holds trivially. Assume that m 
holds for some 1 ^ j ^ t; we prove it holds for j — 1 as well. It follows by Waiter’s strategy that 
ij-i ^ ij + \\^ij\/{q + 1)1- Since, moreover. Client claims exactly one offered element per round, we 
conclude that 


I w. I > I w. I _ 
Pij-i \ K I 

g 

g + i 

Q 




g + 1 


I ^3 ' 

g + 1 

g 

g + i 

t-j+i 




g + i 




t-j 


\P\-{q+l) 1- 


t-j 


m-(g + i) 1- 


g + 1 

t-j+i 


- 1 


,g +1 


□ 


4 Properties of Random Graphs 

In this section we will prove several technical results about the binomial random graph Q{n,p) for 
various edge probabilities p. These results will be useful in the following three sections and, in 
particular, in the proofs of Theorems 11.11 and 11.21 

Lemma 4.1. Let G ~ Q{n,p), where p = clogn/n for some constant c > 0 and let t = t{n) he such 
that lim^^ooilogn = oo. Then a.a.s. we have edA) ^ 2ct|A|logn for every A C 15(G) of size 
1 ^ |A| ^ tn. 
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Proof. 


' [3A C V{G) such that 1 ^ |y4| ^ tn and edA) ^ 2ct|A| logn] 


tn 


< 


E 


n 




tn 


(eny f e(°)p 


yctalogn ^ 

\‘2^ctalognJ ^ \ a J \ 2ctalog 


n 


2cta log n 

<E 


a=l *- 


en 

/ ea \2rfiogn' 

a 

V4tn/ 


tn 


[exp {1 + log (n/a) + 2ct logn (1 — log (n/a) — log(4t))}]“ = o(l). 


a=l 


□ 

Lemma 4.2. Let G ~ Q{n,p) and let k = k{n) he an integer satisfying kp ^ 1001og(n//c). Then 
a.a.s. ec{X,Y) ^ dp/2 holds for any pair of disjoint sets X, E C V{G) of size |X| = [Ej = k. 


Proof. Let X, E C V{G) be arbitrary disjoint sets of size |X| = |E| = k. Then eG(X, E) ~ Bin(A:^,p) 
and thus 

P [eG(X,E) < dp/2] =P[eG(X,E) < E(eG(X, E))/2] < 
where the last inequality holds by Theorem ETji). 

A union bound over all choices of X and E of size k then gives 


P [3X,E C V{G) such that |X| = |E 
^ (fc) ■ ^ 


A:, X n E = 0, and eG(X, E) < dp/2] 
- [exp{2 + 21og(n/A:) — kp/i]]^ = o(l), 


where the last equality holds by our assumption on fc. □ 

Lemma 4.3. Let c> 0 be a constant and let G ~ G{n,p), where p = c/n. Then, a.a.s. e{G) ^ cn. 


Proof. Clearly e(G) ~ Bin( ( 2 ) ,p). Hence 


'[e{G) > cn] ^ P 


e(G) > 1.5( 2 ]p 


n 


< exp < — 


12 


^ exp {—cn/25} = o(l), 


where the second inequality holds by Theorem l2.H iii. 


□ 


As noted in the introduction, an important part of proving Client’s side in Theorem 11.21 is to show 

that a.a.s. the sum Y^veYlG) ( very small, where G ~ Q{n,p). The following lemma will 

play a key role in this endeavour. 

Lemma 4.4. Let q be a positive integer and let G ~ Q{n,p). For every 0 ^ i ^ n — 1, let Xi = |{n G 
V {G) : dciu) = z}| and let pi = E[Xj]. Then, 













Proof. Let G ^ Q (ji, and let Y denote the number of isolated vertices in G. Then, 

( \ n—l 

An alternative way of generating G is by first generating G ~ G{n,p) and then deleting each edge of 
G with probability independently of all other edges. It is then apparent that, for any v € V{G) 
with dciv) = i, we have 

P[rf,W = ol = (^)‘. 

Hence, 

n-l , X i 

i=0 ^ 

Combining ([2]) and ([3]) we conclude that 



Lemma 4.5. Let £> 0 be a eonstant, let q he a positive integer and let G ~ Q{n,p), where p = 
(g + 1 — e)logn/n. For every 0 ^ i ^ n — 1, let Xi = |{ri S V{G) : dc{u) = i}| and let pi = ]E[Xj]. 
If 0 ^ k ^ 9{q + 1 — e) logn is an integer such that pk oo, then a.a.s. ^ A^fc/2. 

Proof. Since 

F[Xk < Aifc/2] ^ P[|A'fc - pk\ ^ hfc/2] ^ 

dk 

where the last inequality holds by Chebyshev’s inequality (Theorem 12.21) , it suffices to show that 
XaT[Xk]/pl = o(l). 

Let vi,... ,Vn denote the vertices of G. For every 1 ^ ^ n, let be the indicator random variable 

taking the value 1 if dcivi) = k and 0 otherwise. Then 

E[y,] = p[y, = i] = (^~ - pr-^-\ 


Moreover, Xk = Yi and thus 




j2nyi\ = n('" j^\hi-p) 


For every 1 ^ i ^ n we have 

Var[y,] = E[T,2] _ (E[y,])2 = EfTi] - (E[yi])2 < E[y,], 
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where the second equality holds since = Yi. Hence 

n n 

^Var[Fi] ^ =/ifc. 

2=1 2=1 


Fix some 1 ^ i 7 ^ j ^ n. Then 


ny^yj\ = ny^j = i] = = i) a (t, = i)] 

/-l(l_^)n-l-A:] +(l_p) 


= P 


n — 2 
k-1 


n — 2 
k 


pHi-p) 


n—2—k 


Therefore, 

Cov[yi,y,] = E[y,y,-] - E[y,]E[y,-] 


= p 


n — 2 
k-1 


p^-\i-py 


+ (1 -p) 

n — 1 
k 


n — 2 
k 


kf-[ ^\n—2—k 


p\i-p) 


kf-\ ^\n—l—k 


p\i-p) 


n — I 


k/i \n—l—k 


p^{i-p) 


k 1 


-+ 1 - 


k 1 


n — 1 J p \ n — 1 / 1 — p 


- 1 


Hence, 
1 


Pk 


^ Cov[yi,y,-] 


n(n — 1 ) 


1^27^ j(^n 


Pk 


n — 1 


n — 1 
k 


/(I -p) 


22—1 —fc 


n 


k Y 1 








k 


n — 1J p 
2 1 


-+ 1 - 


n — 1J 1 — p 


n — 1J p 


- 1 


+ 1 - 


n — ly 1 — p 


- 1 


n — ly p 1 — p 
(9{q + 1 — e) logn^ ^ 


n 


+ 


(<7 + 1 — e) log n 


n — 1 J (<7 + 1 — e) log n re — (g + 1 — e) log re 
82((7 + l)logre 2((7 + l)logre 


+ 


re — 1 re 

Moreover, by our assumption on k we have 


= 0 ( 1 ). 


1 

Pk 


= 0 ( 1 ). 


(4) 


(5) 


We conclude that 


Var[Xfc] _ J_ I ^ var[y,] + Cov[y„ y,]) + ^ 


\ 2=1 

where the last equality holds by (H]) and 1^. 


^ V Cov[yi,y,] = o(i), 

J Pk Pi 


□ 
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Lemma 4.6. Let G ~ Q{n,p), where p = clogn/n for some constant c > 97 ^- 3 - For every 0 ^ ^ 

n — 1, let Xi = |{?x € V{G) : dc{u) = i}| and let pi = E[Xj]. Then 


n—1 

^ Pi = 0 ( 1 ). 

i=9c log n 


Proof. We first observe that the function f{i) 


{enpjif is decreasing for i ^ 9clog n. Indeed, 


Then 


fji) 

/(* + l) 



i + 1 
enp 


i + 1 ^ 9c log n 
enp ^ ec log n 



n—1 


n—1 


2=9clogn 2=9clogn 

2 /CNSclogn 


n — 1 


n—1 


p\i-pr-^-^^n Y. 


i=9c logn 




"' 91 


^ exp {2 log n — 9clog n ■ log 3} = o(l), 


( 6 ) 


where the second inequality holds by ([6]) and 

Corollary 4.7. Let G ~ Q{n,p), where p = 
A{G) ^ 9clogn. 


the last equality follows from our choice of c. □ 

clognfn for some constant c > 91 ^ 3 - Then, a.a.s. 


Proof. For every 0 ^ f ^ n — 1, let Xj = |{n G V{G) : dciu) = f}| and let pi = E[Xj]. Then 


n—1 

P[A(G) ^ 9clogn] = P[3i such that 9clogn ^ i ^ n — 1 and Xj > 0] ^ Ti = o(l)) 

i=9c log n 

where the first inequality follows from Markov’s inequality and a union bound, and the last equality 
follows from Lemma 14.61 □ 


The following lemma is a fairly standard result in the theory of random graphs; for the sake of 
completeness we include its proof here. 

Lemma 4.8. Let £ > 0 be a constant and let G ~ Q{n,p), where p ^ (1 + e)logn/n. Then there 
exists a constant 7 = 7 (e) > 0 such that a.a.s. 6{G) ^ 7 logn. 

Proof. By monotonicity, we can assume that p = (1 + e)logn/n. Let 0 < 7 < 1 be a constant 
satisfying 7 log(e(l + £)/'y) < e/3; such a constant exists since lim.y^o 7 log(l/ 7 ) = 0. We first 
observe that the function f(i) = {enpjif is increasing for 1 ^ f ^ 7 logn. Indeed, 

j(z + lj \ i) enp np (1 + ejlogn 
where the last inequality holds by our choice of 7 . 


11 












Let X be the random variable that counts the number of vertices of degree at most 7 logn in G. 
Then, 


7 log n , ^ 

E[x] = n Y. [ ■ 

i=o ^ * 


7 log n 


^ n 


i =0 


Y (^)p*exp{-p(n- 1 -i)} 


7 log n 




nexp{—p{n — 1)} + nex.p{—p{n — 2'y log n)} Y^ (— 


2 = 1 


e(l + e) logn^"^*°®” 
7 log n 


^ nexp {— (1 + s/2) log n} + nexp {— (1 + s/2) log n} • 7 log n 
^ ^1 + exp |log 7 + log log n + 7 log n log 

= 0 ( 1 ), 

where the third inequality holds by ([7|) and the last equality follows from our choice of 7 . Using 
Markov’s inequality we conclude that 


P[(5(G) ^ 7 logn] = P[X > 0] < E[X] = o(l). 


□ 


Lemma 4.9. Let r > 0 be a constant and let G ~ Q{n,p), where p = clogn/n for some constant 
c > g 3 ■ Then a.a.s. 


^ g { v ) ^ ^ ^r(l+log(9c)+log(l/r)) 
r log n ^ 


holds for any vertex v £ V{G). 


Proof. Since, by Corollary 14.71 a.a.s. A(G) ^ 9c log n, it follows that a.a.s. 

^ 7 Sc'’’'""" 


r log nj \ r log n 




= exp {r logn (1 + log(9c) + log (1/r))} 


= 7j’’(lMog(9c)+log(l/r)) 


□ 


Lemma 4.10. Let s > 0 be a constant, let q be a positive integer and let G ~ Q{n,p), where 
p = {q + 1 + s)logn/n. Then a.a.s. 


E 

vsV(G) 





Proof. For every 0 ^ z ^ n — 1, let Xj = |{u G V{G) : dciu) = z}| and let pi = E[Xj]. Setting 


X 



E 

vev(G) 
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it suffices to prove that a.a.s. X Indeed, we have 

^—1 / \ i / \ n—1 


E[X] = ^ 


g + 1 


Hi = nil- 


i=0 

^ n exp ( 1 + 


P 


<? + l 


(g + l + e)logn 

^nexp^- (g + l)n ' ~ 


logn|=n 


2(9 + 1 ), 

where the second equality follows from Lemma 14.41 Therefore, 

¥ X ^ ^-e/(4(g+i)) ^ ^e/(4(g+i)) .E[X] ^ n'^/(4(9+i))-£/(2(g+i)) _ ^-£/(4(g+i))^ 

where the first inequality follows from Markov’s inequality. □ 

Lemma 4.11. Let e > 0 be a constant, let q be a positive integer and let G ~ Q(n,p), where 
p = {q + 1 + s) log n/n. Then there exists a constant r > 0 such that the following holds. For every 
V e V{G), let E{v) = {e € E{G) : v £ e}, let A{v) = {A{v) C E{v) : |^(u)| = dciv) — rlogn} and 
let Tx = U«eV(G) 

1 + 


E 

AeJ'i 


9 + 1 


= 0 ( 1 ). 


Proof. By Lemma 14.81 there exists a constant 7 > 0 such that 6{G) ^ ylogn. Let 0 < r < 7 be a 
constant satisfying 


r ( 1 + log(9(g + 1 + e)) + log (1/r) + log 


9 + 1 \ \ £ 


q JJ A{q + 1)' 

Such a constant r exists since lim^-^o ^log(l/r) = 0. Using this r in the dehnition of Ei, we obtain 


E 

AeJ^i 


9 


9+1 


1 + 




E 

vev{G) 
9+1 


9 


dciv] 
r log nj g + 1 


dQ(v)—rlogn 


r log n 




E 


9+1 


dc{v) 


^ exp < r log n • log 


9+1 


• n 


v&r{G) 

r(l+log(9(<j+l+e))+log(l/r))-£/(4((j+l)) 


= n 


•(l+log(9(q+l+e))+log(l/r)+log(2M^^_£;/(4(q+l)) _ 


where the hrst inequality follows from Lemma 14.91 the second inequality follows from Lemma I4.1UI 
and the last equality follows from our choice of r. □ 

Lemma 4.12. Let e > 0 be a constant, let q be a positive integer and let G ~ Q[n,p), where 
p = {q + 1 + e) log n/n. Then there exists a constant A > 0 for which 


E 

AeJ'2 


9 + 1 


1 + 


= 0 ( 1 ), 


where E 2 = [EGiX,Y) -. X,Y CViG), |X| = |y| = ^+1^^ andXnY = $y 
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Proof. Let A ^ 100 be a constant satisfying A log > 2- Then 


E 

A&T2 


q + i 


1^1 






n 

An log log n 
log n 


log r 


<? + i 

exp 12 log log n — A log log n log 




f e log n 




A log log n J \ g + 1 


q 


A log log n 


An log log n 
log n 


q + l 


An log log n 
log n 


= 0(1), 


where the first inequality follows since q ^ 1 and by Lemma 14.21 which is applicable since A ^ 100, 
and the last equality follows since A log f > 2 by assumption. □ 


5 Expanders and Hamiltonicity 

In this section, we discuss the well-known relation between expanders and Hamiltonicity. We will 
make use of this relation in the following two sections where we will prove Theorems 11.11 and 11.21 

Definition 5.1 (Expander). Let G = {V,E) be a graph on n vertices and let t = t{n) and k = k{n). 
The graph G is called a (t, A:)-expander if |A^g([/)| ^ k\U\ for every set U CV of size at most t. 

The following result asserts that typically, for subgraphs of a random graph, large minimum degree 
is enough to ensure expansion. 

Lemma 5.2. Let G ~ Q{n,p), where p = clogn/n for some constant c > 0, and let a = a(n) and 
k = k{n) he such that lim^^oo log^ = 00 . Then a.a.s. every spanning subgraph G' T G with 
minimum degree 6{G') ^ r logn for some constant r ^ Aca{k + 1)^ > 0 is an (an, k)-expander. 

Proof. Suppose for a contradiction that there exists a set H C V{G) of size 1 ^ |T| ^ an and a 
spanning subgraph G' C G such that \Ng'{A)\ < k\A\. Then, |HuA"g'(^)I < (^ + 1)1^1 ^ (A; + l)an. 
It thus follows by Lemma l4.II that a.a.s. 

eG'{A U Ng'{A)) ^ 2c{k + l)a|H U Nqi{A)\ logn < 2c{k + l)^a|H| logn ^ r|H| logn/2. ( 8 ) 

On the other hand, since d{G') ^ rlogn, we have 

ec'iAU Ng'{A)) ^r|H| logn/2 

which clearly contradicts ([8]). We conclude that G' is indeed an (an,/c)-expander. □ 

Definition 5.3 (Booster). A non-edge uv of a graph G, where n,u G V{G), is called a booster with 
respect to G if G D {uv} is Hamiltonian or its longest path is strictly longer than that of G. We 
denote the set of boosters with respect to G by Bq- 

The following lemma (see, e.g., |19]L which is essentially due to Posa 123 , asserts that expanders 
have many boosters. 

Lemma 5.4. If G is a connected non-Hamiltonian {t, 2)-expander, then \Bg\ ^ (t + 1)^/2. 
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Using Posa’s lemma, we will show that, if a sparse subgraph of a random graph is a good expander, 
then it has many boosters in the random graph. 

Lemma 5.5. Let e, si < 1 and S 2 < 1/100 he positive constants and let G ~ Q{n,p), where p = 
(l + e)logn/n. //si(l — logsi) < 1/400, then a.a.s. every connected non-Hamiltonian (n/5,2)- 
expander T C G with at most sinlogn edges has at least S 2 nlogn boosters in G. 


Proof. For a connected non-Hamiltonian (n/5, 2)-expander F C G with at most sinlogn edges, let 
Xy' = \By n E{G)\. Then ~ Bin(|Hr|)P) and, by LemmaEH \By\ ^ r?jht). Therefore, 


P[Xr < S 2 n log n] < exp 


A 50s2 
\ 1 + £■ 


n^p/100 


^ exp {—n log n/400} , 


where the first inequality follows from Theorem l2.1l fil with a = 1 —50s2/(l+e) and the last inequality 
holds since S 2 ^ 1/100 and e > 0. 

Taking a union bound over all spanning subgraphs of G which are connected non-Hamiltonian 
(n/5, 2)-expanders with at most sinlogn edges, we conclude that the probability that there ex¬ 
ists such a subgraph with less than S 2 n log n boosters in G is at most 


Sinlogn /fn\\ siniogn . 

^ jp"* ■ exp {—nlogn/400} < exp {—nlogn/400} • ( 

m=l ^ ^ m=l ^ 


Sin log n 


en log n 


m 


^ exp {—nlogn/400} • sinlogn • — 

V«i 

^ exp{21ogn -|- sinlogn(l — logsi) — nlogn/400} = o(l). 


Sin log n 


where the first inequality holds since e < 1, the second inequality holds since f{m) = (en log n/m)”^ 
is increasing for 1 ^ m ^ Sinlogn as can be shown by a calculation similar to d?]), and the last 
equality holds since si(l — logsi) < 1/400 by assumption. □ 


We end this section by recalling a sufficient condition for Hamiltonicity from [26]; it is based on 
expansion and high connectivity. 

Theorem 5.6 f|26]i. Let 12 ^ d ^ g\dogn G be a graph on n vertices which satisfies the 

following two properties. 


PI For every S C V{G), zf |5| ^ d|S|; 

P2 There exists an edge in G between any two disjoint subsets A,BF V{G) of size |^1, |H| ^ 

n log log n log d 
4130 log n log log log n ' 


Then G is Hamiltonian for sufficiently large n. 


6 The Waiter-Client Hamiltonicity game 

Proof of Theorem 11.11 Let e > 0 be a constant. For p = (1 — e)logn/n, it is well-known (see, 
e.g., OESKISI) that a.a.s. G ~ Q{n,p) has an isolated vertex and therefore is not Hamiltonian. 
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Hence, a.a.s. Client wins the (1 : q) Waiter-Client Hamiltonicity game on E{G) regardless of his 
strategy. 

Assume then that G ~ Q{n,p), where p = (1 -)- e) logn/n for some constant e > 0. We present a 
strategy for Waiter to win the (1 : q) Waiter-Client Hamiltonicity game on E{G) and then prove that 
a.a.s. he can play according to this strategy. Waiter’s strategy consists of the following four stages 
(the constants c, ci and C 2 appearing in the description of the strategy will be determined later). 


Stage 0: Waiter splits G into two spanning subgraphs, the main graph Gm and a reservoir graph 
R, by placing each edge of G in i? independently with probability p = c/log re, and then setting 
E{Gm) = E{G)\E{R). 


Stage 1: By only offering edges from Gm and following the strategy given by Lemma 3.4, Waiter 
forces Client to build a (cire, 2)-expander Gi with at most C 2 relogre edges. 


Stage 2: By only offering the edges of R and following the strategy given by Theorem 3.1, Waiter 
forces Client to build a graph G 2 such that Gi U G 2 is an (re/5, 2)-expander. 


Stage 3: For as long as Gc is not Hamiltonian, in each round Waiter offers Client q+1 free boosters 
with respect to Gc- Once Gc becomes Hamiltonian, Waiter plays arbitrarily for the remainder of 
the game. 

It is evident from the description of Stage 3 of the proposed strategy that, if Waiter is able to play 
according to this strategy, then he wins the game. Moreover, it is clear that Waiter can follow Stage 
0 of the strategy. It thus remains to prove that he can follow Stages 1-3 as well. We consider each 
stage in turn. 


Stage 1: We first observe that 

p{l — p) = (1 -|- e)(logre — c)/re ^ (1 -|- e/2) logre/re, 

and that Gm ~ Q{R.,p{l —p))- It then follows from Lemma (4^ that a.a.s. S{Gm) ^ 7 log re for some 
constant 7 > 0. Let 0 < C 2 < l/(600(q-|-l)) be a constant satisfying [ 7 logre/( 2 (g-|-l))J ^ C 2 logre and 
3 c 2(1 — log( 3 c 2 )) < 1/400. By Lemma [T4l Waiter has a strategy to force Client to build a spanning 
subgraph Gi of Gm with minimum degree 6{Gi) ^ C 2 logre, by offering at most {q + l)c 2 relogre 
edges of Gm', in particular, e(Gi) ^ C 2 relogre. Finally, it follows by Lemma [52] that Gi is a (cire, 2)- 
expander, for a sufficiently small constant ci > 0 . 


16 


stage 2: hai T = {Er{X,Y) : X,y C V{G), |X| = |y| = cin and XnY = 0}. Since i? ~ a(n,pp) 
and pp = (1 + e)cjn, we have 


A&T 


< 


^ ^ A 2—0.5cfc(l+£)n/(2q—l) 

\cinj 

( \ 2cin 

2-^1 W ( 4 q ) 


= exp 


|2cin(l - log Cl) 


cfcn log2 ] 

/ 


= o(l), 


where the first inequality follows from Lemma [4. 2 1 which is applicable for a sufficiently large constant 
c, and the last equality holds for sufficiently large c. Hence, by Theorem EH and since all edges of 
R are free at the beginning of Stage 2, Waiter has a strategy to force Client to claim an edge of R 
between every pair of disjoint sets of vertices of G, each of size cin. 

Let G 2 denote the graph built by Client in Stage 2. We claim that Gi U G 2 is an (n/5,2)- 
expander. Since Gi is a (cin, 2)-expander and expansion is a monotone increasing property, it 
suffices to demonstrate expansion for sets A C V{G) of size cin ^ |H| ^ n/5. Suppose for a con¬ 
tradiction that A C V{G) is a set of size cin ^ |H| ^ n/5 and yet |yG'iuG 2 (^)l < 2|H|. Then 
\V{G)\{AuNg,uG2 (H))| > n —3|H| ^ 2n/5 ^ cin and there are no edges of G 1 UG 2 between A and 
V{G) \ (H U Ng^\jg 2 {-^))- This contradicts the way G 2 was constructed. We conclude that Gi U G 2 
is indeed an (n/5, 2)-expander at the end of Stage 2. 


Stage 3: Observe that, at the end of Stage 2, Client’s graph Gc is connected. Indeed, since G 1 UG 2 
is an (n/5, 2)-expander, each of its connected components must have size at least 3n/5 and thus there 
can be only one such component. It follows that, at the beginning of Stage 3, Client’s graph is a 
connected (n/5, 2)-expander. Since connectivity and expansion are monotone increasing properties, 
this remains true for the remainder of the game. We will show that this allows Waiter to offer Client 
q + 1 free boosters in every round of Stage 3 until Gc becomes Hamiltonian. 

It is evident from Definition 15.31 that one needs to sequentially add at most n boosters to an n-vertex 
graph to make it Hamiltonian. Hence, in order to prove that Waiter can follow Stage 3 of the proposed 
strategy, it suffices to show that, for every 1 ^ ^ n, if Gc is not Hamiltonian at the beginning of 

the zth round of Stage 3, then \Bcc f^E{GF)\ q + 1 holds at this point. By the description of Stage 
1 we have e(Gi) ^ C 2 nlogn and by the description of Stage 2 we have 6 (^ 2 ) ^ e(i?) ^ (1 -)- s)cn, 
where the last inequality holds a.a.s. by Lemma 14.31 Hence, a.a.s. e(Gi UG 2 ) ^ 2c2nlogn. 

Fix an integer 1 ^ i ^ n and suppose that Gc is not Hamiltonian at the beginning of the fth round 
of Stage 3. Then Gc is a connected, non-Hamiltonian (n/5, 2)-expander with at most 2c2nlogn -|- 
(f — 1) ^ 3c2nlogn edges. Since, moreover, C 2 was chosen such that 3c2(l — log(3c2)) < 1/400, it 
follows by Lemma [531 that \l3cc C E(G)\ ^ nlogn/200. We conclude that 

\Bcc C E{Gf)\ ^ \Bcc C E{G)\ - (e(Gc) + e(Gw)) ^ nlogn/200 - 3c2(q + l)nlogn ^ q + 1, 
where the last inequality holds since C 2 < l/(600(g -|- 1)) by assumption. □ 
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7 The Client-Waiter Hamiltonicity game 


Proof of Theorem \1.2[ Assume first that G ^ Q{n,p), where p = (g + 1 + e) log n/n for some positive 
constant e. We will present a strategy for Client for the (1 : g) Client-Waiter Hamiltonicity game on 
E{G)] it is based on the sufficient condition for Hamiltonicity from Theorem 15.61 Let r and Ti be 

/ N A| 

as in Lemma [4.111 and let A and T 2 be as in Lemma [4.121 Note that YIa&Ti (^fi) ~ holds 

by Lemma [ 4.111 and that YI 1 A&T 2 ( g+i) ~ holds by Lemma [4. 121 Let F = ^ 2 - Then 



= 0 ( 1 ). 


It thus follows by Theorem 13.21 that Client has a winning strategy for the (1 : g) Client-Waiter game 
{E{G\F*). 

We claim that if Client follows this strategy, then his graph at the end of the game satisfies properties 
PI and P2 from Theorem 15.61 with d = (logn)^/^, and is therefore Hamiltonian. Indeed, it follows 
from the definition of Fi that, at the end of the game, the minimum degree in Client’s graph will be at 
least r logn. Using Lemma [5. 2 1 it is then easy to verify that Client’s graph is an (n/log re, (logre)^/^)- 
expander and thus satisfies property PI. Moreover, a straightforward calculation shows that, by the 
definition of F 2 , at the end of the game, Client’s graph will satisfy property P2 as well. 


Next, assume that G ~ Q(n,p), where p = (g -|- 1 — e) log re/re for some positive constant e. We will 
present a strategy for Waiter to isolate a vertex in Client’s graph. 


Waiter’s strategy: Let fc be a positive integer and let Ik be an independent set in G such that 
\Ik\ ^ 2(g-|-l)^+^/g^ and dciu) = k for every u € Ik- For every u G Ik, let E{u) = {e G E{G) : re G e} 
and let X = Une4 E{u). Waiter isolates a vertex of Ik in Client’s graph by following the strategy 
for the (1 : g) box game on {E{u) : re G Ik} which is described in the proof of Proposition 13.51 

Since \Ik\ ^ 2(g -|- l)^+^/g^, it follows by Proposition 13.51 that Waiter can indeed isolate a vertex in 
Client’s graph. Hence, it remains to prove that Waiter can play according to the proposed strategy. 
In order to do so, it suffices to show that a.a.s. a positive integer k and an independent set Ik as 
above exist. 

For every 0 ^ ^ re — 1, let Aj = |{re G V{G) : dciu) = f}| and let pi = E[Aj]. Then 



^ re exp 


re — 1 /(g-|-l — e) log re (g -|- 1 — e)^ log^ reA 

re V 9 + 1 re(g-Fl )2 ) 


^ re exp 


1 - 


2(g + l) 


log re > ^ re' 


(9) 


where the hrst equality holds by Lemma [4.4l the first inequality follows from the fact that ^ 

1 — X holds for sufficiently small x > 0 by the Taylor expansion of e~^, and the last inequality holds 
for a sufficiently small constant 5 > 0. Since, moreover, 


n—1 

E 

i=9{q+l—e) log n 


9 + 1 


Mi = 0(1), 
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holds by Lemma 14.61 it follows from ([9]) that 


9{q+l-s) logn 

E 

i=0 


<? + ! 


Hi ^ n'^/2. 


Hence, there exists an integer 0 ^ k ^ 9{q + 1 — e) logn such that 


q 


q+l 


k'k ^ 


n 


18(g + 1) logn 


In particular, —)• oo as n —>• oo holds for this value of k and thus, by Lemma 1431 a.a.s ^ Hk/‘^- 

It follows that a.a.s. 


q 


2{q + lY+ 


i ■ Xk'^ 


q. 


l-^k 


2{q + 1)^+1 




n 


72{q + 1)2 logn' 


( 10 ) 


Let Sk = {u G V{G) : dciu) = k} and let Ik C Sk be an independent set of maximum size. It is easy 
to see that 


\Ik\ ^ 


\Sk\ 


Xk 




n 


k + 1 k + 1 72(A: + l)(g'+ 1)2 logn 


2{q + lf+^ ^ 2(g +1)^+1 

-;- <2? -T-I 


where the second inequality holds by (fT0|) and the last inequality holds for sufficiently large n since 
^ 9(g + 1 — e) logn. □ 


8 Concluding remarks and open problems 

In this paper, we determined sharp thresholds for the (1 : (?) Waiter-Client and Client-Waiter Hamil- 
tonicity games, played on the edge set of the random graph G{n,p), for every fixed q. For the 
Waiter-Client version, it is logn/n; in particular it does not depend on q. This is asymptotically the 
same as the sharp threshold for the appearance of a Hamilton cycle in G{n,p). On the other hand, 
the sharp threshold for the Client-Waiter Hamiltonicity game on G{n,p) is {q + 1) logn/n and thus 
does grow with q. It is natural to study the behaviour of these thresholds for non-constant values 
of q as well. As noted in the introduction, for Maker-Breaker and Avoider-Enforcer games, this was 
done in |16] for every value of q for which Maker (respectively Enforcer) has a winning strategy for 
the (1 : (?) Maker-Breaker (respectively Avoider-Enforcer) Hamiltonicity game on Kn- It was proved 
in [5] that the largest q for which Waiter has a winning strategy in the (1 : (?) Waiter-Client Hamil¬ 
tonicity game on Kn is of linear order. Moreover, using a similar argument to the one employed 
in |34] . it is not hard to show that the largest q for which Client has a winning strategy in the (1 : (?) 
Client-Waiter Hamiltonicity game on Kn is (1 — o(l))n/logn. It would be interesting to determine 
the threshold probabilities for the graph property for every q = 0(n) and for the graph property 
C|^ for every g ^ (1 — o(l))n/logn. 
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